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An equivaience relation between the rate of approximation of Bernstein-—
Durrmeyer polynomials and an appropriate K-functional is established. The results
are stronger than those known for Bernstein polynomials. The advantages of
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expansion by orthogonal polynomials, are used extensively. € 1993 Academic
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1. INTRODUCTION

The Bernstein-Durrmeyer operator (see [10, 3]) is given by

n 1
M(f,x)=(1+1) Y, Poal) [ i) S00) by, (L1)
k=0 0

where

P () = (Z) (L= x)*
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We prove a strong converse inequality of type A, in the terminology of [8],
that is, we show

1
IIMnf—fI|p~inf(llf— g, +- (o) II,,> (1.2)

for 1< p< oo with ¢(x)>=x(1 —x). For 1 < p< o0, we prove an analogue
of (1.2) for the multivariate Bernstein-Durrmeyer operator introduced by
Derriennic [4]. In the cases p=1 or p=o0 and the higher dimensional
analogue of (1.1), we prove a somewhat weaker result (that is, a strong
converse inequality of type B in the terminology of [8]). Several recent
articles [1,2,6] proved (among other results) converse inequalities for
these operators that are obviously weaker than those in the present paper.

2. NOTATIONS AND SURVEY OF THE PROOF

The Multivariate Bernstein-Durrmeyer operator was introduced by
Derriennic [4] as

(n+d

S Pu) | Pl fayde (21

{(fimeT

M, (f. x)=

where x, ue R (x=(x,,..,x,)), B=(k,,..k,) with k, integers, and
T={u:0<u,Y¢{  u,<1}. The polynomial P, 4(u) is given by

n!
Pn.kl....,k‘/(ul’ ey U) =P, [f( u)= W ﬁ“ - Iul)"' , (2.2)

where ﬁ'—k ook, wf=ub ol (=110 ki=u,=0), lul=%Y_,u,
and [Bl=37  k,.

Many properties were proven about the operators M, f which are quoted
as we use them. We define, following Derriennic [6],

0 0 3] é
P(D)= z 5;‘ x;(1 lX()'-—-f- Z <6‘C a) X X; <E€-—})T/> (2.3)

i=1 Y o<y
and recall that for fe C*(T), it was proved in [5] that

n{M,(/. x)— f(x)} > P(D} f(x). (24)

The operator P(D) given by (2.3) and introduced in [6] may take other
forms, as can be seen in [4, 2]
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The main result of our paper is the equivalence

. 1
Ianf—fl|p~mf<|If— gll,,+;||P(D)gllp>, (2.5)

which is proved in Theorem 6.3 for all d when 1 < p<co and for d=1, 2,
and 3 when p=1 and p=oc. For p=1 and p=oc and d>3, a weaker
result than (2.5) is valid. The proof follows from a Bernstein-type
inequality

IP(D) M fl,<dnllfl,, 1<p<w (2.6)

(Theorem 3.2), and an improved Voronovskaja-type result

“Mnf—f—%—‘QP(D)[M,,HfJ

p

I 2 _1. ! 2
S(Z «,(d) +2 T 1)2) 1P(D) 11, (2.7)

(Theorem 4.1). It is the interplay between the exact constants in (2.6) and
(2.7) that implies (2.5) for d=1, 2, and 3, and the estimate (2.6) depends
on d (a,(d) is asymptotically independent of d). For 1 <p < o we use the
L, estimate

n
—= 2.8
N/ 1712 (2.8)

{Theorem 5.1) and the Riesz-Thorin interpolation theorem to obtain

IP(D) M fl.<

IPDYM: fll,<e(r)nfl,, 1<p<owo, (29)

with g(r)=o0(1) as r - oc. The inequality (2.9) together with (2.7) is suf-
ficient to prove (2.5) for 1 < p<oc and all dimensions d. We conjecture
that (2.9) and hence (2.5) is valid for p=1 and p=cc in all dimensions
(see Remark 6.4).

We note that for d=1, when p=1 or p= o0 we cannot replace the
K-functional on the right hand side of (2.5) with wl(f, 1), (where
¢° = x(1 — x)). This follows since the K-functional on the right hand side of
(1.2) and w’(f, 1), are not equivalent for p=1 and p = co while (1.2) holds.
For t < p < oo the above expressions are equivalent. Hence, even for higher
dimensions an equivalence result with an expression generalizing wfa will
falter for p=1 and p=oc. We trust that an equivalence of sorts will be
proved for 1 < p < oc, but that is beyond the scope of this paper and our
knowledge. As an equivalence between the K-functional above and
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w3l f, 1), (see [9, Chap.12]) is not true for all p and as the rate of
convergence is equivalent to the above K-functional, it is that K-functional
that is the appropriate measure for this paper.

3. EsTIMATE OF |P(D) M, f1,

It follows from Derriennic’s research [6], detailed only for d=1 and
d=2, that
IP(D) M, fll,<Cn" I fll,. (3.1)
We need for r=1 the following better estimate on the constant C.

THEOREM 3.1.  For fe L,(T), where T is the d-dimensional simplex given
in Section 2, and for P(D) given by (2.3), we have

IPDYM, fll,<2dn|fl, (3.2)

Proof. First we show that it is sufficient to prove (3.2) for p= o0 (or
p=1). Assume (3.2) for p = cv. We take ge C*(T) and f e L,(T) and then
use [2, Lemma 2.5]

P(D)M,g=M,P(D)g,  geCXT). (33)

We recall from [4] the self-adjointness of M, and P(D) with respect to the
scalar product {f, g = [+ f(u) g(u) du to obtain

(KPDYM, [ g>| =</, P(DYM g | < ISl Lyiry I P(D) M, 8l 17y
<2an (N pr 8l Ly (3.4)

As (3.4) is valid for all ge C*(T), we have (3.2) for p=1. The inequality
(32) for p=oc and p=1 implies now (32) for l<p<oo via the
Riesz-Thorin interpolation theorem.

We observe that

0
(1= [x() 7= Py plx) = (k;(1 = |x]) = (n = [Bl) x;)) Po p(x),  (3.5)

i

and hence

0 0
a-ix,-(l - lxl)a—iPn,ﬁ(X)

_ (1= Ix) = (n=11) x)?
- ST Po.p(x)= (=Bl +K)) Py ylx). (36)
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L) (L)
((?x,- ox, xix’(éx,- ox; n p(x)

(kixi-k'xi ’
:——;—;L—)'Pnﬂ(x)_(kl+kj) P"ﬂ(x) (37)
XX

Similarly,

Recalling M, (1, x)=1, we have

0=P(D)M,(1, x)

4 (k,(1—|x])= (n—1Bl) x,)?
- ({Z(( Ix]) = (n—1Bl) x,)

(gimeT \Lizt X, (1—|x[)
k.x —k.x,)?
+ Z ( ’r] Jx’) }—nd) Pn. Ii(x)
i<j XiX;
= Z (1:1‘ [C(Y) - nd) Pn, ﬁ(x)’ (38)
(BimeT

which implies

Y L gx)P, yx)=nd Y P, s(x)=nd.

(finteT (BimeT
We now estimate

(n+d)!

n!

bn.ﬁE

[ £) Poatx) x| <10 (3.9)

and use 7, 4(x) >0 to obtain

[P(DYM,(f, x)| < Z (4, g(x)+nd) P, s(xX) I Sl i

(Bimye T

<22nd | fllo,on- 1

We are also able to prove the following useful estimate.
THEOREM 3.2. Under the assumptions of Thearem 3.1, we have

IP(D) M fll,<dn|fll,. (3.10)

Proof. Following the proof of Theorem 3.1, we only have to consider
p=o0. We can write
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|P(D) M(f, x)| = |M,P(D) M,(f, x)|

< <(n+d)!>' S P, .(x)

!
n: (y/n)eT

x 3

(Bim)eT

x| P slv) 1)) do

Pn.y(u) P(D) Pn,ﬂ(u) du

T

d)!
<"y T Pa)

(y/m)eT

[ Po ) PD) P, () .

T

x 3

(Bim)eT

We show
(n+d)!
n!

)

(Aimye T

| P. ) P(D)Y P, ylu) du

T

< nd, (3.11)

which implies (3.10) for p = o0 and hence for 1 < p<oo. To prove (3.11),
we write

(n+d)!

‘]n, ',*E ' Pn. ',*(u) P(D) Pn. ﬂ(u) du
n. (pmer T
+d)!
SO S IS [ (L AD) Py )L (D) Py ) i,
N {(BmyeT lig T
where
b,
Li.i(D): ui(l—lu”g;
and
L (D)—\/u_<—a———a—> for i#j (3.12)
P = U, 2u, 7, i #]. .

The straightforward computation of L, (D) P, ,(u) (where n=f or n=7y)
leads now to

J .<(n+d)!
e n!
41— Yul) — (= 181 g 11 — Yl = (= 191) )
o {Z u (1= (u])

ko, — k| [Lu,—Lu)
u;u;

+2

i<j

} P, (u) P, glu)du.
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Recalling I, ,(u) (with = and n =7y) given in (3.8), we use the Cauchy-
Schwartz inequality to obtain

d , ,
g, <Lrd: L (@) I, ()" P, () P, (u) du
n. ; T
(Binye T
n+d)! 12
<{( > fIn.ﬁ(u)P,,_,,(u>Pn_,;(u)du}
n: pmer” T

1/2
x{(n+d)! 5 f[n.,‘,(u)P,,‘.,(u)Pn.ﬁ(“)d“}

(BinyeT 7T

The estimate J ¥, < (nd)'” follows from

Z In. B(U)P,,.,g(u)=nd,

(BimyeT

which follows from (3.8). To estimate J}*, we write, using (3.5),

J' (4 = Jul) = (n = IyD w,)?

Py du= [ (1(1=lul) = (n= 1)) w)

u (1= ul)
XEC:T, P, (u)du
=il +1)
and
j“” P,, ) de= d)|(1+1)

which implies J** < (nd)'?. 1

4. VORONOVSKAJA-TYPE ESTIMATES
Derriennic [5] proved the Voronovskaja-type estimate (2.4). For the
converse inequality of the present paper, we need the following stronger

result.

THEOREM 4.1.  Suppose fe C*(T), M, f is given by (2.1) and P(D) is
given by (2.3). Then we have for n>1

640°75:1-3
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a,(d)

o

SR R
<(3udr +3 )np(m 1, (1)

where

= 1 1 1 1
wd)= 2 k(k+d)=21[n+1+"'+n+d]‘

k=n+1

Proof. Using Corollary 2.4 of [2],

x. 1
MS=f= ¥ i PO M,
we write
n)_“Mnf f- 28D p D)(f+M,,f>”
= o l A
2|, L Fwray POMS =)
x 1
+k=,zl+lk(k'{"d)P(D)(Mkf_M"f)“
s Ly ' popmy
20, S ktk+d), T JU+d) 4
B z 1 i 1 P(DY?
k:n+lk(k+d)j=n+1j(j+d)
_l X P(D)ZMjf i} 1
_2 /=;+2 j(j+d) k=§:+lk(k+d)
_ *  P(D)? Mjf e 1 ”
,:,,ZH J+d) E,-k(k+d)
l R o l i1 1 4} 1
<2Sl/1'p | P(D) M’f”,:;ﬂj(jwtd) k:;+,k(k+d)_kg‘,km(k+d)
(with the understanding Y7 _,,,--- =0). Using Lemma 2.5 of [2], we

have for fe C4(T)
P(D)* M,f =M ,P(DY f,
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and hence,
| (D) M, f|| <||P(D)fl.

We now have

] a2
1(n)<§ 1P(D) fIl ,f=§+ 1 ) |, (d) — 20, (d)]

IP(DYf] J(n).

B —

To estimate J(n), we define j; by

Jo=max{j: 2, ,(d)—a,d)>0},

and as o,(d) is a decreasing sequence in j, we have

_ Jo 2. 4 J x
'](n) /=;+,j(j+d)( a.l*l( ) a,,( ))+j:%:+lj(j+d)

= Ji(n) + Ja(n).

(an(d) - 2“_/'— ](d))

To estimate J,(n), we write
By Y (@) =2, () +a,(d)

1
2 P+d)P

j=n+1

a(d N, (d)—a,(d))

2/3
(n+1)*

3 1 2
< a"(a’)Z - d,o(d).- - E an(d)‘ +

as the definition of j, implies a,(d) — «,(d)> 3a,(d) and

{2 ————1 < i : < 2/3 for n>1
N . X N R 3= n=1.
T RUAdY T e U+ d)Y T (1)

To estimate J,(n), we write

o

L) <afd)o(d)— Y (o, (d)—o(d)) e, (d)+a;(d))

i=Jo+1

=a,(d)a,(d)—a;(d)”
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Combining the estimates for J,(n) and J,(n), and as j, > 2n+ 1, we have

1 2/3

J(”)< x,(d)’ (—:kaa Ad N (d) —20,(d))
1 2/3
Sian(d)z + (n11)3+ 2a,,(d Yo, ((d) — o (d))
e 2B L b, ]
za"(d) (n+ 1)3+2(2n+2)2 2n+1 "(d) (n+1)¥

which combined with the estimated of I(n) concludes the proof. |

Remark 4.2. For most purposes, the slightly easier to prove estimate
(M, f—f—a, (a’}l”(l))fll,,\2 5 1P(D) £, (4.2)

is sufficient. In some cases, however, (4.1) yields results which are
qualitatively better.

In one result (Theorem 7.2), we need the following extension of (4.2).

THEOREM 4.3. Suppose fe C***(T) and M,, P(D), T, and d are as
given in Section 2. Then

2
WM, —1) [—a,(d) P(D)’fll,,s’:—,/n I1P(DY > fll,. (4.3)
Proof. We first observe
WM, f—f—ald) P(D)fll,= k:;“k(k+d)
o 1 o0

) P(D)?

k=n+1

<

ke d), 2 05 d)
o0 1 o 1
<2 k(k+1)i:;+,j(j+l)

k=n+1

I L

n+1

IP(D)* £,

1
P 1P(D)? £l -

N[.—- k
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We prove (4.3) by induction. We assume (4.3) for r =7 and write

(M, —1)* f ~a,(d) P(DY (M, ~1I) fI| < ,/+1 IP(DY* (M, —1) fl.

Since we have

1
IP(DY (M, — 1) fll,= (M, ~1T) P(D)*' flp <o IP(DY*2 11,

and since the induction hypothesis for /=1 implies

n( )'

() (M, — 1) P(DY' f = a,(d)'* ' P(D)* [, <=2~ | P(D)'*? [,

the result follows. |

5. ESTIMATE OF ||[P(D) M’ f|l, AND ITs CONSEQUENCE

In this section, we will give an estimate of |P(D)M, f,,r and of
(P(DY M f| .,y which will prove useful also for other L (7).

THEOREM 5.1. Suppose fe L,(T), M, f. T and P(D) are as defined in
Section 2. Then we have r=1,2, ...,

n
|.P(D) MLflngm\j IS Loy (5.1)
r
For the proof we need the following computational lemma.
LeMMA S5.2. For 4, , given by
(n+d)! n!
A= 0<k<n, 5.2
Tt dr k) (n—k)n § (52)
we have
k(k+d)ir  <n//r. O0<k<n. (53)

Proof. Since 0< 4, <1, (53) follows immediately when k(k +d) <

n/\/;. To prove (5.3) for k satisfying k(k+d)>n/\/;, we estimate 2/,
using
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! J k — NS k J
i ( (n+d)!n! >=<Hn k+{) =1_[<1_ d+k )
' (n+d+k)!(n—k)! an+d+i Pl n+d+i
( __d+k )"’_ 1 1
n+d+k ‘(1 d+k)“ L +k(k+d)jn"
n

A

For j=1, we have

j‘nkg . $ i .
*Sntklk+d) k(k+d)

For k(k+d)>n/ﬁ and j=r—1, we have
1 1 1

1+Mk+ﬂU—Un'<l+U—U&ﬂ\¢7

r—1
ln,k <

and hence,
k(k+d) n n

Jr uk+w<;i

Proof of Theorem 5.1. The eigenspaces of the self adjoint operators
P(D) fand M, f are the same (see B, (2.5) of [2], and Lemma 2.2 of [2];
see also [4]) and f can be expanded by

= Z Pkf;
k=0

kk+d)A; , < |

where
M P, f=4,,Pf and PD)P f=—kk+d)P,f, (54)

with 4, , given by (5.2) for k<n and A, , =0, k>n We now have, using
Bessel inequality and Parseval formula,

IP(DYM [l 1ymy= Z (k+d)A, , Pof

LAT)

n 1/2
(Z k(k+d) 7, )2 lPkfuLm)

12
<mf\x (k(k +d) i:,'k)( Z HPkf" LZ(T)>

n
g"\/—— ”f”l_zqr)- l
r

The following estimate for |P(D) M, f|), can now be derived.
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COROLLARY 53. For 1<p<oo and feL,(T) and any A>0, there
exists r, r=r(A, p, d), such that

I1P(D)M Sl L,,(T)<An “f”L,.lT]' (5.5)
Proof. We recall that Theorem 3.1 implies
1PD) M fll oy S2dn il fllyr)- (5.6)

We now use the Riesz-Thorin interpolation theorem with (5.6) for p= o
(or p=1) and (S.1) to obtain (5.5} for 2<p<oc (or l<p<2) §

6. STRONG CONVERSE INEQUALITIES

In this section, we prove converse inequalities for the Bernstein—
Durrmeyer operator. We duplicate some arguments from [8] for the sake
of completeness. We define the K-functional

K.(f, t’)p=gei({g£n (S —gll, + " IPD) gll,) (6.1)

We note that in this section we are dealing with r = 1. We recall that

A,~B if C '4,<B,<CA,. (6.2)

"

The converse result is given in the following theorem.

THEOREM 6.1. Suppose P(D), M, [ and T are those given in Section 2
and K,(f, 1), = K(/, 1), is given by (6.1). Then we have

(M. f~fll, +Mauf—=Sl,~K(S, 1/n),, I<pgox, (6.3)
and

(M, [~ fll,~K(f 1l/n),,  1<p<oo. (6.4)
Remark 6.2. 1In the terminology of [8] the results (6.3) and (6.4) are
strong converse inequalities of type B and A, respectively. Actually, for

d=1, (6.3) yields

”Mnf_f“p‘\'K(f; l/n)p [Or 1<P< c,

and this type of equivalence is shown for d=2 and d=3 as well (see
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Theorem 6.3). For d> 1, (6.3) has an advantage over (6.4) only for p=1
and p = 0.

Proof. 1t was shown in (3.2) of [2] that

||f_Mnf||p<2K(/; n¥])p’

and hence, we need only estimate K(f, 1/n), by |M, f— fll,+ M./ — 1,
or by (|M,f— fil to prove (6.3) and (6.4), respectively. (Of course the
conditions are not the same.) We do so by constructing g € C*(T) such that
both ([ f— gll and (1/n) |[P(D) g| will satisfy the appropriate estimate. As
the K-functional is given as an infimum on all ge C*(T), we will have our
result. To prove (6.3), we choose

g=3(M M2+ Mf)
Using the commutativity relation M, M, = M,,M,, we have
Lf =M uM2f =M fl, <5 UM ML= fll,+5IMEf =S,
S IMouuf = fl,+2IM f—fl

To estimate P(D) g, we use (4.1) but with nd rather than », that is, we
write

adn(d)

” Mo —— P(DY( M, + )

p

1
< (z ag(d) + ) I1P(DY* ¥, (6.5)

1
2Adn+1)°

with = M 2 f. We can write using Theorem 3.1
IP(DY? MfIl,<2nd |P(D)M, [,
<2nd | P(D)3(M,uM L f + M2/,
+nd[|P(DYM M2 f—M, [,
+ | P(DYM,— 1) M, fl,]
<2nd |P(D) gll, + (2nd)* (M ,.f = 1,
+2n’ d*| My f =11,
(Recall P(D)(M ,M2f—M,f)=P(D)M,(M,f~f)+P(D)MM,[—f))

We now complete the proof using (6.5) with = M2 f and the above to
write
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1 1
dun(d) | P(D) gll, < |Ma Mo f—M S, +( %,y (d)’ + m)
x |P(D)* M fll,

1 1
<2 Myf —fl,+2 lanf—fllﬁ(z“dn‘d”(dH 1)2>

x |P(D) gll,-
Since l/d(n+ 1)< a,(d)< 1/(dn+ 1), we have

1
S IP(D) gl <Bd2\Myf = fl, +2 M f = fl,). for n>3.

To prove (6.4) we choose g=3(M 3+ M’"'f) with r=r(p, d) such
that (5.5) is satified with 4 =2 (which is possible for 1 < p<oc and any 4
by Corollary 5.3). Obviously,

If—gl, <3UM S = fll, + 1M = ) <3Q2r+3) 1M, f = [,

To estimate (1/n) |P(D) g, we use Theorem 4.1 and write

HM"(M;+ lf Mr+lf 2 )P(D)(Mr+2f+ Mr+lf)

1 2 1 2 r+1
s(;am +5(n—+1—)_;> IP(DY M),

and
1P(DY MM, <2n |P(D)M, [,
S22 |P(DYGM 72 +3M ),
+n-2dn(\M ;= fll,+ 1M, f—fi,)
<2n | P(D) gll,+n*2dQ2r+ 1) M, .f— [,

and proceed as before to complete the proof. |}

THEOREM 6.3. Under the assumptions of Theorem 6.1, we have
IM,fll,~K(f, 1/n),

forI<p< oo andd=1,2,3.



40 CHEN, DITZIAN, AND IVANOV

Proof. Actually, we only have to prove the equivalence for p=1 and
p=o0in case d=2 and d=3. We choose g=3(M?¢f+ M} f)and use (4.1)
to write

)P(D)(M y+y)

1 5 1 2
, ( a,(d) +m) | P(D)" ¢,

with = M f. The proof now follows the same lines (see also [8]) using
the fact that na,(d) is close to one for n > ny and using Theorem 3.2 instead
of Theorem 3.1. |

Remark 6.4. It would be desirable to prove Theorem 6.3 for all 4 and
we believe that this result is valid. This would follow from the estimate

-

IP(D) M fll,<e(r)nlfll,

with g(r)=o0(1), r > co. While we believe this last estimate to be true, we
are not able to prove it at present for p=1 and p=co.

7. ITERATIONS

In this section we use the results of the last section to obtain theorems
about equivalence to K,(f, !").

THEOREM 7.1. For feL,(T), 1 <p<o, or feL,(T), dim T<3 and
l<p<oo,

K(fin )~ I(M,—I) fli,, (7.1)

where K,(f, t"), is given by (6.1) and M, by (2.1).

Proof. The estimate
K(fin ), <Cr) (M, —1) flI, (7.2)

follows from the estimate achieved in Theorems 6.1 and 6.3 and
Theorem 10.4 of [8] using the estimate

1
;1\P(D)(Mf,f)||,,<8Hf—Mnfll,, (1.3)
for some /. We proved for some r

|
3, 1PDUM LT S+M O, <B If=M,fl,
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which implies (7.3) (Equation (7.3) could have been proved directly.) The
estimate

(M, 1) fl,<B(r)K.(fin""), (7.4)

was shown when proving Theorem 4.1 of [2] and is the easier direction in
any case. |

We can also prove the following result which is of interest only for p=1
and p = oc when d> 3, as otherwise it is just a special case of Theorem 7.1.

THEOREM 7.2.  For fe L,(T), 1 < p< oG, we have

K(fin""),~ max (M, =1 " (M,,—I)V fll,, nzn,, (15)

o<i<r
and
K(fin ")y~IM,— 1Y fll,+ (M, — 1) [, nxzn, (7.6)

for some m=m(r).

Remark 7.3. The advantage of (7.5) is that it is easier to prove (and d
may be smaller than m). The advantage of (7.6) 1s that it yields two terms
and hence the iteration is still a strong converse inequality of type B in the
terminology of [8]. Moreover, M,, and M,,, in (7.5) and (7.6) can be
replaced by M,, with nd</<nA and nm <!/<nA, respectively.

Proof of Theorem 7.2. The direct inequalities in (7.5) and (7.6}, that is,
WM, ~ 1Y (M~ D) fll,<CK(fin "),, 0<i<n,
and
“(M:n—l)rf”/)SCKr(./;nwr)p’ S=lam»
follows from earlier results (see for instance the proof of Theorem 4.1 in
[2]). For the proof of (7.5) we have to show
K.(f,n"),< Borgax 1M, =1y (M~ 1Y f1l,. (1.7

€igr

To obtain (7.7) we choose g as

§=0,.7= % (-1 (") our

s=1
O0./f=3(M, M +M)f
We estimate ||/ — g, by
If=gl,=1f=0. ., =0, =1V fll,<r {0, = I) [,
SAr max |(M, -1y "(M,,—1IY|,.

O<i<r
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To complete the proof of (7.7) we estimate n ™" | P(D)" g|l,
n~"|P(D) gll,=n""IP(D) O, fIl,<2'n"" max [P(D) O7fll,

I<s<r

<2'n " |IP(D) O, f1,

<An "t (|P(D)Y 'O MM, T f,
+|PD)Y 'O, "Mu—1)f,)

< o <B max (M, =) “Mu—1) 11,

O0gi<gr

To prove (7.6) it remains to show that for some integer m we have

K(fin ), <BUM,— 1) [ll,+ (M, = 1) fl,). (7.9)
We postpone the choice of m and choose g as
=2 (= <r)Mi,’“'“f (7.10)
- N

The estimate of || f— gl , is given by
=gl =M =1y fll,<(r+ 1) (M, = 1) [,
To estimate n~" | P(D)" gll, we write
n "|P(DY gl,<n ‘2" sup |P(DY M;*"f,

Ilssgr
<n 2| P(DY M,

and hence it is sufficient to estimate n " |P(D) M,*'f]{,. Using
Theorem 4.3 with mn replacing »n, and m chosen so that 2r d2" < m, we have

1M~ 1Y M ~a,,(d) P(D) M,
r r+l r+l
sz(nm),H I1P(DYy ™" M" 11,

rd

M1,

rd
<—
m (mn)"

d 1 "
L y ( >!\P(D)’M’*f!|

s=1

P(Dy M (M, 1Y [,

m (mn)”

d 2r 2 r+1
<= FIPDY ML+ (d) WM, —TY 11,
m {m m
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Since r d2°/m < 1/2, we complete the proof writing

%,m(d) [|P(D) Ml <

11
2 (mn)"

IP(DY M*fll,

, r g_ r+1 B ,
+ (M, — 1) fil,,+§<md> WM, —1)Y [,

and recalling a,,,(d) = (1/nm)"+ O(n="""). |

10.
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